We design a controller for flow-induced vibrations of an infinite-band membrane, with flow running across the band and only above it, and with actuation only on the trailing edge of the membrane. Due to the infinite length of the membrane, the dynamics of the membrane in the spanwise direction are neglected, namely, we employ a one-dimensional (1D) model that focuses on streamwise vibrations. This framework is inspired by a flow along an airplane wing with actuation on the trailing edge. The model of the flowinduced vibration is given by a wave partial differential equation (PDE) with an antidamping term throughout the 1D domain. Such a model is based on linear aeroelastic theory for Mach numbers above 0.8. To design a controller, we introduce a three-stage backstepping transformation. The first stage gets the system to a critically antidamped wave equation, changing the stiffness coefficient's value but not its sign. The second stage changes the system from a critically antidamped to a critically damped equation with an arbitrary damping coefficient. The third stage adjusts stiffness arbitrarily. The controller and backstepping transformation map the original system into a target system given by a wave equation with arbitrary positive damping and stiffness.
Introduction
Flow-induced vibrations arise in flight and other applications. Many approaches exist in the literature for modeling using aeroelastic theory. Most models are very complicated, with the potential function of the fluid governed by a PDE and coupled, through fluid pressure, with a PDE for the membrane vibrations. This modeling approach is examined in Ref. [1] . It is difficult to design a controller for such a model. Modeling of fluid-structure interaction systems for flutter analysis is pursued in Refs. [2] [3] [4] . Most of these studies are geared toward the design of materials' properties for applications.
Flow-induced vibrations can be controlled using actuation either on the boundary of a membrane/plate or in its domain. In Ref. [5] , in-domain force actuation is used to control flow-induced vibrations of an elastic plate. Reference [6] studies an energy harvesting system by modifying instead of suppressing vibrations. In Ref. [7] , a proportional-integral-derivative controller is employed for an aeroelastic system with a plate.
At large Mach numbers (above 0.8), piston theory can be used instead of Bernoulli's equation to define pressure. This approach is widely used in literature [7] [8] [9] [10] [11] . When applied to a rectangular membrane with fluid passing over it, this modeling approach results in a flow-structure interaction model given by a wave equation with an antidamping term.
Stability analysis for wave PDE systems has been conducted in many references in the literature, including Refs. [12] [13] [14] [15] [16] . However, the flow-induced vibrations at high Mach number, despite being modeled by the wave equation, cannot be approached by such analysis techniques because of the presence of the additional antidamping effect.
Control of unstable wave equations has been recently made possible by the development of the backstepping control techniques for boundary control of PDEs [17] [18] [19] [20] [21] . Wave PDEs with antidamping have specifically been tackled in Ref. [17] by using adaptive boundary control.
Using the basic idea in Ref. [17] , we stabilize the flow-induced vibrations in a 1D model of an infinitely long rectangular membrane with flow running above it and actuation on its trailing edge. Our control design employs a three-stage backstepping transformation. The first stage gets the system to a critically antidamped wave equation, changing the stiffness coefficient's value but not its sign. The second stage changes the system from a critically antidamped to a critically damped equation with an arbitrary damping coefficient. The third stage adjusts stiffness arbitrarily. The controller and backstepping transformation map the original system into a target system given by a wave equation with arbitrary positive damping and stiffness. This paper is organized as follows: In Sec. 2, we derive a model for our study by using Piston theory [8] , the PDE of the membrane vibrations, and two changes of variables. In Sec. 3, we provide a pedagogical exposition of our three-stage backstepping transformation that modifies the systems' damping and stiffness coefficients to desired values, using only boundary control, which is given in Sec. 4. The stability result is given by a theorem in Sec. 5. In Sec. 6, a summary of the three-stage backstepping design is provided along with the composition of the transformations using operators. Simulation results of the system in open and closedloop are given in Sec. 7.
Aeroelastic Model at High Mach Number
We consider an aeroelastic system shown in Fig. 1 , with the band 0 < x* < 1, -1 < y* < 1, z* ¼ 0 representing a membrane. Due to the flow being in the x direction and the membrane being infinite in the y direction, it is assumed that the membrane's vibrations do not depend on y (the vibrations are uniform in y). For the system shown in Fig. 1 , by using aeroelastic theory, the PDE of the membrane vibrations is given by
where w(x*, t) is the displacement of the membrane in the z* direction
where s is tension and q m is density of the membrane, and pðx; z Ã ; tÞk z Ã ¼0 is the fluid pressure acting on the membrane. The pressure is given by
where q is free-stream density of the fluid, U is velocity, and M is Mach number [8] . Substituting Eq. (3) 
where
Before giving the three-stage backstepping transformation, the system (4)- (6) is transformed to a simpler form by using two changes of variables. First, defining
we eliminate w x* from the PDE. Then by using the transformation x*! cx, we obtain 
and the input is VðtÞ ¼ WðtÞe 
A Three-Stage Backstepping Transformation
The system (4)- (6) is unstable with positive stiffness and antidamping. In order to get a stable system, we develop the following three-stage backstepping transformation: wðx Ã ; tÞ 7 ! vðx; tÞ 7 ! xðx; tÞ 7 ! uðx; tÞ 7 ! fðx; tÞ with two intermediate target systems and one final target system, as follows:
arbitrary damping and stiffness
The states involved in the transformation chain are as follows: w(x*, t) is the membrane displacement state of the original system; v(x, t) is the exponentially scaled displacement state, x(x, t) is the state of the critically antidamped intermediate system after the first backstepping transformation; u(x, t) is the state of the critically damped intermediate system after the second backstepping transformation; and f(x, t) is the state of the stable target system with arbitrary damping and stiffness after the third backstepping transformation. 
The Three Target Systems
which is a critically damped system with a stiffness constant d 3.1.3 Third Target Systems. The final stable target system that has general stiffness and damping is given by f tt ðx; tÞ ¼ f xx ðx; tÞ À 2df t ðx; tÞ À rfðx; tÞ (21) fð0; tÞ ¼ 0
The damping constant is not changed but the stiffness is changed from d 2 to r. The intermediate control inputs X(t) and U(t) are defined in Sec. 4. This transformation is only related to displacement.
Second Transformation.
The aim of this stage is transforming the critically antidamped system (15)- (17) into the critically damped system (18)- (20) 
This transformation is related to both the displacement and the velocity.
Third Transformation.
The last transformation is similar to the first one. It is related only to displacement. It takes Eqs. (18)- (20) into Eqs. (21)- (23) 
and noting the properties of the Bessel Functions which are given by [22] I n ðxÞ ¼ i Àn J n ðixÞ (30)
the solution of the PDE (27) is given for c < U by rðx; yÞ ¼ Àðk 2 À bÞy
where I n (x) is the Modified Bessel Function of nth order, and for c < U by
where J n (x) is the Bessel Function of nth order.
Kernel Functions of Second Transformation.
Using the transformation (25) with the Eqs. (15) and (18) 
which has the solution
for r > d 2 and
for r < d 2 . 
Inverse Backstepping Transformations
where the functions h i (x), k i (x, y) and s i (x, y) are solved with similar method using Ref. 
in Ref. [22] .
Control Law
The controllers for target systems and the main systems (4)-(6) are given by using defined functions in this section. Substituting Eq. (32) 
controllers (17) and (12) as follows:
We define the relationship between the controller of the systems (18)- (20) and (15)- (17) as
Using the transformation (26) and the boundary conditions (20) and (23), the controller for the system (18)- (20) is given by 
After straightforward calculations, we obtain Eq. (60) as follows: where the functions kðx; yÞ and sðx; yÞ are given by kðx; yÞ 
Using Eq. (65) together with Eq. (24), we obtain the controller for the systems (10)- (12) as follows:
Finally, the relationship between the original system w(x*, t) and the system obtained with changing of variables v(x, t) is used to define controller, W(t), for the original system (4)- (6) . The controller for original systems (4)- (6) is given in Eq. (56) at the bottom of the page. The compact form of Eq. (56) is given by
where In this section, the three-stage backstepping transformation is presented in an alternative fashion, using matrix transformations. This section should shed more insight into the transformation process for a more mathematically inclined reader who wants to see clearly the sequence of three transformations of the full state of the wave equation system, which consists of both displacement and velocity at each of the three stages.
The composition of the three transformations, v 7 ! x 7 ! u 7 ! f is given by 
The following figure shows these transformations and the relationships among the target systems:
The definitions of the functions x t (x, t) and u t (x, t) are needed to derive the relations between the functions shown above. Recall the transformation (25) to find an alternative form of it. Subtracting Eq. (15) 
By using the defined functions, this equation is also given by
Similarly, after differentiating in time Eq. (50), by using Eq. (18) and performing integration by parts two times, x t is given by 
where the detailed form is given by Eq. 7 Simulation Figure 2 shows that open-loop system is unstable, whereas Fig.  3 demonstrates that the closed-loop systems (10)- (12) is stabilized by our boundary controller. The parameters used in the system are k ¼ 0.5, b ¼ k 2 , r ¼ 5, and d ¼ 1.
